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The present research paper focuses on the existence of fixed point in V-fuzzy metric space. The presentation of V-fuzzy metric space
in n-tuple encourages us to define different mapping in the symmetric V-fuzzy metric space. Here, the properties of fuzzy metric
space are extended to V-fuzzy metric space. The introduction of notion for pair of mappings ( f, g) on V-fuzzy metric space called
V-weakly commuting of type V and V' — R weakly commuting of type V is given. This proved fixed point theorem in V-fuzzy
metric space employing the effectiveness of E.A. property and CLRg property. For the justification of the results, some examples

are illustrated.

1. Introduction

Metric space is one of the important basic areas of research
for the mathematicians. Many researchers accelerated the
concept of metric space either by introducing different
contractions in different fields or by extending number of
variables in the metric space. Different types of mappings
are introduced to facilitate the fixed point in metric spaces
such as weakly commuting pair of mappings [1], compat-
ible mappings [2], and weakly compatible mappings [3].
Subsequently, Aamri and Moutawakil [4] introduced the
notion of E.A. property. In 2011, Sintunavarat and Kumam(5]
stamped the idea of common limit in the range of g
(called CLRg property) which relaxes the requirement of
completeness (or closedness) of the underlying subspace.
Fixed point results are proved through the same concept in
fuzzy metric spaces. Many authors [5-15] have given results
about the common fixed point results in several spaces. On
the basis of number of variables, there are many different
generalizations, such as generalized metric space by Mustafa
and Sims [16], generalized fuzzy metric spaces by Sun and
Yang [17], new generalized metric space called S-metric space
by Sedghi [18], and A-metric spaces by Abbas etal. [19], which
is generalization of S-metric spaces. Also, V-fuzzy metric
spaces were introduced by Gupta and Kanwar [20], which are
based on fuzzy metric for n-tuples.

The above mentioned generalizations of metric spaces are
described below.

Definition 1 ([16]). Let X be a nonempty set and let G
X’ — [0,+00) be a function satisfying the following
conditions for all x, y,z,a € X:

(G-1) G(x, y,2) =0ifx = y =z,

(G-2) 0 < G(x, y,z) with x # y,

(G-3) G(x, x, y) < G(x, y,z) with y # z,

(G-4) G(x, y,2) = G(x,2,y) = G(y,x,2) = G(z,x,y) =
G(z, y,x) = G(y, 2, x),

(G-5) G(x, y,2) < G(x,a,a) + G(a, y, z).

The function G is called a generalized metric on X and the
pair (X, G) is called a G-metric space.

In 2012, Sedghi et al. [18] introduced a new generalized
metric space called S-metric space.

Definition 2 ([18]). Let X be a nonempty set. Suppose a
function § : X> — [0, +00) satisfies the following condi-
tions:

(S_l) S(X, y) Z) 2 0)
(S-2) S(x, y,z) =0ifandonlyifx = y =2 =0,


http://orcid.org/0000-0001-9727-2827
http://orcid.org/0000-0003-0216-241X
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/6923937

(S-3) S(x, y,2) < S(x,x,a) + S(y, y,a) + S(z, z,a) for any
X, ¥,2,a € X.

Then the ordered pair (X, S) is called S-metric space.

Abbas et al. [19] established the notion of A-metric spaces,
which is considered as generalizations of S-metric space.

Definition 3 ([19]). Let X be a nonempty set. A function A :
X" — [0, +00) is called an A-metric on X, if for any x;,a €
X,i=1,2,3,...,n, the following conditions hold:
(A-1) A(xy, x5, X5, - .
(A-2) A(xy, x5, X5, .

X%, =0,

.»x,) = 0if and only if x; = x, = x;

=== ‘x‘rl = 0’

(A-3) A(xy, X5, X555 %,) < AKX XX (X)), a) +
Ay, X5 Xgs oo s (X))o @) + oo + AKX X Xy oo e
(%) 1> 4)-

The pair (X, A) is called A-metric space.

Fuzzy sets introduced by Zadeh [21] are the engender for
all the research in different fields. Kramosil and Michalek [22]
introduced the concept of fuzzy metric spaces.

Definition 4 ([23]). A binary operation # : [0.1] x [0,1] —
[0,1] is called continuous t-norms; it satisfies following
conditions:

(T-1) = is commutative and associative,

(T-2) =* is continuous,

(T-3)ax1=a,Vae€[0,1],

(T-4) a*b < cxd whenevera < candb < dforalla, b,c,d €

[0,1].

Definition 5 ([22]). The 3-tuple (X, M, *) is called a fuzzy
metric space if X is an arbitrary set, * is continuous t-norm,
and M is a fuzzy set in X x X x [0, 00) satisfying the following
conditions:

forall x, y,z € X and s,t > 0,

(FM-1) M(x, y,0) =0,

(FM-2) M(x, y,t) = 1,Vt > 0 ifand only if x = y,
(FM-3) M(x, y,t) = M(y,x,1),

(FM-4) M(x, y,t) * M(y,z,s) < M(x,z,t +s),
(FM-5) M(x, y,-) : [0,00) — [0, 1] is left continuous.

Note that M(x, y,t) can be thought of as the degree of
nearness between x and y with respect to t.

Example 6. Let (X, d) beametric space. Definet-norma*b =
abora * b =minfa,b}. Forallx,y € X,t > 0.

M (x, y,t) = frd(xy) )

Then (X, M, *) is a fuzzy metric space.
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Lemma7 ([24]). Let (X, M, ) be a fuzzy metric space. If there
exists k € (0,1) forall x, y € X, x,t > 0 such that

M (x, y,kt) = M (x, y,t) (2)
forallx,y € X,t >0, then x = y.

In the process of generalization of fuzzy metric space, Sun
and Yang [17] presented the notion of G-fuzzy metric space as
follows.

Definition 8 ([17]). A 3-tuple (X, G, *) is said to be G-fuzzy

metric space (denoted by GF space) if X is an arbitrary

nonempty set, * is continuous ¢-norm, and G is a fuzzy set

on X x X x X x [0, co) satisfying the following conditions:
for each x, y,z € X and s,t > 0,

(GF-1) G(x, x, y,t) > O with x # y,

(GF-2) G(x,x, y,t) =2 G(x, y, z,t) with y # z,

(GF-3) G(x, y,z,t) = lifand only if x = y = 2,

(GF-4) G(x, y,z,t) = G(x,z, y,t) = G(y,x,2,t) = G(z,x,

»t) =Gy, z,x,t) = Gz, y, x, 1),
(GFE-5) G(x, y,z,t +5) > G(x,a,a,t) * G(a, ¥, 2, 5).
(GF-6) G(x, y,2,-) : (0,00) — [0, 1] is left continuous.

Lemma9 ([17]). Let (X, G, *) be a GF space. Then G(x, y, z,t)
is nondecreasing with respect to t for all x, y,z € X.

2. V-Fuzzy Metric Space

These all generalizations advocate V-fuzzy metric spaces. In
2016, Gupta and Kanwar [20] stamped the move of these
generalization to n-tuples as discussed below.

Definition 10 ([20]). Let X be nonempty set. A 3-tuple
(X,V, %) is said to be a V-fuzzy metric space (denoted by VF-
space), where * is a continuous t-norm and V is a fuzzy set
on X" x (0, 00) satisfying the following conditions for each
t,s > 0:
(VE-1) V(x, x,x, . ..
(VE-2) V(x, x1, X1, ..
all x;,x,,%5,...
(VE-3) VI(x), X5, X35, X 1) = Lif g = %, = x5 = ... = X3
(VE-4) V(xy, x5, X3, .., X, 1) = V(p(xy, %5, X35...X,), 1),
where p is a permutation function;
(VE-5) V(x, X5, X35> Xpy_1» t + s) >
Vi(xy, %0, %5505 X, L) « VILLL .. L x,, 8);
(VE-6) lim,_, V(xy, x5, X5, .. X, 1) = 15

(VE-7) V(x;, %5, X5, ...,X,) : (0,00) — [0, 1] is continuous.

,%, ¥,t) > 0forall x, y € X with x # y;

X1, %0, 1) = V(x),X,, X3, .., X, 1) fOr
,X, € Xwithx, # x5 # -+ # x,,3

Example 11 ([20]). Let (X,V, *)bea V-metric space. Define t-

normaxb = aboraxb = min{a, b}. Forall x,, x,, x5,...,x, €
X,t>0,
t
V (%), X5, X350, X, £) = (3)

t+ A(X), Xy, X550 05 Xy)

then (X, V, %) is a V-fuzzy metric space.
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Lemmal2 ([20]). Let(X,V, ) be aV-fuzzy metric space; then
V(x, %5, X35 .., X,,, ) is nondecreasing with respect to t.

Lemma13 ([20]). Let (X,V, *) be a V-fuzzy metric space such
that

V(%15 %3, X35 e X kt) 2V (X, X0, X555 X, t), (4)

withk € (0,1); then x; = x, = X3 = ... = X,,.

Definition 14 ([20]). Let (X,V, *) be a V-fuzzy metric space.
A sequence {x,} is said to converge to a point x € X if
V(% Xy Xy o3 X %,8) — lasr — oo forallt > 0
that is, for each € > 0, there exists n € N such that for all
r > N we have V(x,, x,, x,,...,X,, x,t) > 1 — € and we write
lim,_, x, =7

Definition 15 ([20]). Let (X,V,*) be a V-fuzzy metric
space. A sequence {x,} is said to be a Cauchy sequence if
V(xr,x,,x,,...,xr,xq,t) — lasr,q — ooforallt > 0;
that is, for each € > 0 there exists n, € N such that for all
r,q > 1y, we have V(x,, X, X, .., X Xgp 1) > 1 — €

Definition 16 ([20]). A V-fuzzy metric space (X,V, *) is said
to be complete if every Cauchy sequence in X is convergent.

In the present research paper, topology is induced by
V-fuzzy metric spaces. The introduction of concepts of V-
weakly commuting of type V; and V-R weakly commuting
of type V in V-fuzzy metric spaces is given which helps in
determining the fixed point theorem for symmetric V-fuzzy
metric spaces.

3. Topology Induced by V-Fuzzy Metric Space

Definition 17. Let (X, V, *) be a V-fuzzy metric space. For t >
0, the open ball By, (x, 7, t) with center x € X and radius 0 <
r < 1is defined as

By(x,r,t)={y e X:V(x,p,...,pt)>1=1}. (5

Result 1. Every open ball is an open set.
Consider an open ball By, (x, ,t). Now

y € By (x,1,1) =

(6)
V(X yscopt)>1—r.

Since V(x, y,..., y,t) > 1 —r,we can find ¢, 0 < t, < t, such
that V(x, y,..., ¥,t5) > 1 — 1.

Letry =V, y, y,..., ¥, tp) > 1 — 1.

Sincer, > 1 —r,wecan finds, 0 < s < 1, such that
ro>l-s>1-r.

Further for a given r, and s such that r, > 1 — s we can
findr;,0 <7, < 1lsuchthatry *r, >1-s.

Consider the Ball
By (y,1—r,t—t,). (7)
We will show that
By (y,1-r,t—ty) C By (x,1,t). (8)

Now z € By(y,1—r,t—t,) implies V(y,z,...,z,t —t;) > ;.

3
Therefore
V(x,2...,2,8) 2V (%, 9,..., 0, 1)
*V()/’Z’---)Z)t—to)ZrO*rl (9)
>1-s.

Therefore z € By, (x,r,t) and hence

By (3,1~

Result 2. Let (X, V, #) be a V-fuzzy metric space. Define

r,t—ty) C By (x,7,1). (10)

7={ACX:x € Aif and only if there exist ¢

(11)
>0 and r, 0 <r <1 such that By, (x,7,t) C A}.

Then 7 is a topology on X.

Definition 18. Let (X,V, ) be a V-fuzzy metric space. The
following condition is satisfied:

nih_r)nooV (xnl,xnz, e Xy t,,o) =V (X, Xp s X £)
(12)
i=0,1,2,...,N,
whenever lim, _,,x, xp lim, L oox, = X, ..
lim, X, = xy,and
nolgl)loov (xl,xz, e X t,,o) =V (xp, XX 1) (13)

then V is called continuous function on X~ x (0, c0).

Lemmal9. Let (X,V, %) be a V-fuzzy metric space. Then V is
a continuous function XN % (0, 00).

Proof. Since

(L X, = X0

lim x, =x
n,—oo ™ 2

(14)
nl\}lnooxnl\’ = xN
and
noli_n)looV (xl,xz, XN tnn) =V (x5, Xp.... XN 1) (15)
then there exists n, € N such that
|t—t <d forny=n and5<E (16)
1y 0="p 2'
As V(xy,xy,...,X,,t) is nondecreasing with respect to ¢, we
have
V(xnl,xnz,...,an,tn) > V(xnl,xnz,...,an,t - 8)

é
2V<xnl,x1,...,x1,ﬁ>



ny

N+1
*V<x1,xn2,...,x St = 8)

N

8 9
>V(x xl,...,xl,ﬁ> *V(xnz,xz...xz,ﬁ>

N+(I{]\I—1)6)

8 9
2V<xnl,x1,...,x1,ﬁ> *V(xnz,xz...xz,ﬁ>

1)
¥ ...% V(an,xN,...,xl,xN,ﬁ

*V <xN_1, XN_2s s X Xyt —

# V (Xp> Xn_pp - Xt — (N = 1) 8)

(17)
and

V (x5, %, .., Xt + (N = 1) 6)

>V (X, X0, .00, Xpp by +0)

(N]\—] 1)6>

>V<x1, e X

1
* V(xnl,xz,x3,...,xN,tn + Né)

8
>V<x1, ""’xnl’ﬁ>

9
*V xz,xnz,xnz,...,xnz,ﬁ * .. a8)

1)
*V<xN, an,...,an,tn+—

N
0
> V<x1,xn1,x,,l,.-.,x,,l, N)

*V(xz, Xp)» N)
V(xN, ,an,...,an,N>

5V (Xp> XN_ps - - o>

>

Xy, Xp5ty,) -

Considering continuity of the function V with respect to t and
letting n — 00, we have

V(x1,%p, .., Xt + (N = 1) 0)

>V (xp> XN_ps -+ Xpo ) (19)

>V (V (x> Xn_pp -+ X, E— (N = 1)9)).

Therefore, V is continuous function on X~ x [0, 00). O
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Remark 20. In the present paper, (X, V, *) will denote an VF-
space with a continuous ¢-norm * defined as a*b = min{a, b}
for all a,b € [0, 1] and we assume that
tli)néoV(xl,xz,...,xN,t) =1
(20)
foral x; € X, i=1,2,...,N.

Define ¢ = {¢ : R* — R'}, where R" =
¢ € O satistying the following conditions:

[0, 00] and each

(¢-1) ¢ is strict increasing,
(¢-2) ¢ is upper semicontinuous from the right,

($-3) Y2, ¢"(t) < oo forall t > 0.

Lemma 21. Let (X,V, %) be an VF-space. If there exists ¢ € ©
such that

V (%1, X X350, Xy @ () = V (X, X5, X35, X, £)
(21)
for all t > 0,

then x, =x, = x5 =... = X,
Proof. Since

V(%15 %0, X350 X 0 (1)) =V (x9, %5, X3, ..., X,58) (22)
and also ¢(t) < t, by using Lemma 12, we have

V(15 %0, X35« X, @ (1)) <V (37, %5, X550 05 X0 £) . (23)

From (22) and (23) and definition of V-fuzzy metric space,
onecangetx; = x, = X3 =+ = X,,. O

Remark 22. Let x; = w, x, = X3 = ... = X,,_; = W, in (VF-5);

we have
V(w,u,u,...,ut+s)
(24)
>Vw,wvv,...,v,t) « V(v,u,u,...,u,s),
which implies that
Vuu,...,w,s+t) =2V (v,v,...,v,w,t)
(25)
* Vv(u,ty. .. UV, 8)
forall u,v,w € Xands,t > 0.
An VF-space is said to be symmetric if V(x,x,...,x,

y,£) =V(x, 9, 9,...,yt) forall x, y € X and for each ¢ > 0.
Lemma 23. Let (X,V, *) be an VF-metric space; if we define
Ey : XxXxXx--xX—[0,00) by

E) (x1,%5...,%,) 06

=inf{t >0,V (x,%,...,%,,t) > 1 - A}
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forall A € (0,1] and xy, x5, ...
(i) for each A € (0, 1], there exists y € (0, 1] such that

, X, € X, then we have

n-1

.’_xn)S E (_xi,xl‘,...,xi )
S, . -

E) (x5, x5, ..

for all x;,x,,...,x, € X
(ii) the sequence {x,},cn in X is convergent if and only if
Ey(X, X .. X, %) — 0asn — oo forall A €

(0,1].

Proof. (i) For any A € (0,1], let 4 € (0,1] and u < A.
Therefore, by the triangular inequality (VF-5) and Remark 22

n—1
1% (xl,xl,...,xn, ZE# (X X5 X141)

+(n—1)6>

> V(xl,xl,... (28)

,X,) +6)

,X3) +6)

"xZ’E[,{ (xl"xl""
*V(xz,xz,...,x3,EM (%3, %5, ...

+oV (xn_l,xn_l, s Xy By (s X5 %)

+8) >min{(1-p),(1-p)...(1-pw)}=1-2,
which gives, using (26),
’xz)

Ey (xp, %150, %,) S E, (x5

+E, (%3, X3, -+ X3)
(29)
+ By (%15 Xy -5 X)
+(n-1)4.
Since & > 0 is arbitrary, we have
s Xp)

E; (%1, %, x5 - .

<E, (X1, X505 X5) +E, (%3, %505 x3) +... (30)
+ E[/l ('xﬂ—l’xn—l)-- -,xn) .

(ii) Since V is continuous in its (n + 1)th argument (by
(26)), we have

V(% X, X, %,m) > 1= A forall > 0. (31)

This proves the lemma. O

Lemma 24. Let (X,V, %) be a V-Fuzzy metric space and {y, }
be a sequence in X. If there exists ¢ € O such that

> Vo Vs> (/) (t))
> V-1 Vo> t) (32)

> Yo yn+1’t)

V (Vs V> Yo -+
2 V(yn—l’yn—l"' .
* V(Y Y- - -

forallt >0andn=1,2,3,..., then {y,} is a Cauchy sequence
in X.

Proof. Let {E,(x, y,2)},¢(,17 be defined by (26).
For each A € (0,1] and n € N, put

Ay :EA (yn—l’yn—l""’yn—l’yn)' (33)
We will prove that
A, < ¢(a,) forallneN. (34)

Since ¢ is upper semicontinuous from right, for given € > 0

and each a,, there exists p,, > a,, such that ¢(p,) < ¢(a,) + €.

From (26), it follows from P, > a, = Ey\(V,—1> Vye1>-- > V)

that V(¥,_1> Yuet> Vi1 -+ > Yo By) > 1 = Aforalln e N.
Thus, by (32), (34), and Lemma 12, we get

V (Y Y Yo -+ +> V1> (max {p,, pi}))
2V (Yoot Yo+ > Yoo MAX{ Py, P }

£V (Vo Y-+ > Ve max {py, pri})  (35)
2V (a1 Yuot> Yn-1o-+ > Y P)
£V (Yo Y-+ V1> Yns1> Pust) > 1= A

Again, by (26), we get

E)L (yn’ Y5 Yo yn+1) < (l) (ma—x {Pn’ Pn+1})
= max{¢ (p,), ¢ (Pni)}
< max{¢(a,), ¢ (a,.)} +e

By the arbitrariness of €, we have

(36)

A = Ey (yn’ Yo+ - ’yn+1)
< max{$(a,).¢(a,,)}.

So, we can interpret that a,,, < ¢(a,,).

If not, then by (37), we have a,,,; < ¢(a,,,) < a,,,; this
is a contradiction. Hence (37) implies that a,,,; < ¢(a,), and
(34) is proved.

By repeated application of (34), we get

(37)

EA (yn’yn""’ynﬂ) < (/)(E/\ (yn—l’yn—l""’yn)
< <" (By (o Yoo 1) (38)
forall n € N.

By Lemma 23, for each A € (0, 1], there exists y € (0, A] such
that

m—1
Ex (Y Yow > Yoo ) S B (0 o5 Y Yiat) .

m,n € N with m > n.



Since ¢ € @, by condition (¢-3), we have

(o)

Z‘/’n (Ep. (Yo Yoo - - -

n=0

,yl)) < 400. (40)

So, for' given € > 0, there exists n, € N such that
Yo, 8 (Eu(Yo» Yor - > y1)) < €. Thus, it follows from (39) that

’)/1))

V) < Y 8 (E, (Vor Yor Voo - - -
V) < ¢ (E, (o> Yor o "

<e forall n>ny,

E/\ (yn’yn""

which implies that V.(y,., ¥, > - - -» Vo €) > 1=Aforallm,n €
N with m > n > n,. Therefore {y,} is a Cauchy sequence in
X. O

Definition 25. A pair of self-mappings (f,g) of V-fuzzy
metric space (X, V, ) is said to be V-weakly commuting of
type V if

V (fgx, 9fx, fgx..... ffx.t)
>V (fx, gx, fx, fX,...,..., fx,t)
forallx € Xandt > 0.

Definition 26. A pair of self-mappings (f, g) of a V-fuzzy
metric space (X,V, *) is said to be V-R weakly commuting
of type V if there exists some positive real number R such
that

V (fgx, gfx, fgx, ..., ff (x)t)
t

2V(fx,gx,fx,fx,...,fx,;) )

forallx € Xandt > 0.

Remark 27 If we interchange f and g in above definitions,
then the pair of self-mappings ( f, g) of V-fuzzy metric space
(X,V, *) is said to be V-weakly commuting of type V; and
V-R weakly commuting of type V,, respectively.

For proving our main results, we use the following
relation.

The following example shows that a pair of mapping ( £, g)
that is V-weakly commuting of type V; does not need to be
V-weakly commuting of type V.

Example 28. Let x = (0, 1] be the V-fuzzy metric space with
A(x), %5, ..., %,)
(44)
= max {|x; = x,|, |x, = x5, [,y — %[}
for all x,,x,,...,x, € X.

Define fx = x%/4, g(x) = X2
Then we find

Afgxgf...ffx) = 2" (45)
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and
A(fx:gx,gx,...,fx)zixz. (46)
Then, one can get
15
A(gfx fox, fox, ... 99 () = T2
(47)

3
£ A(gx, fx, fx,...gx) = 7
which implies

V (fgx, gfx,..., ffx,t) 2V (fx, gx,..., fx,t)  (48)

and

V(gfx, fgx,...,ggx.t) # V(gx, fx,...,gx,t). (49)

Hence the pair (f, g) is not V-weakly commuting of type V,
but it is V-weakly commuting of type V.

Lemma 29. If f and g are V-weakly commuting of type V¢ or
V-R-weakly commuting of type V, then f and g are weakly
compatible.

Proof. Let x be a coincidence point of f and g; ie., f(x) =
g(x); then if pair (f, g) is V-weakly commuting of type V/,

we have
V (fgx, gfx,..., fgx,t) =V (fgx, gfx, ..., ffx,t) 50)
>V (fx, gx,..., fx,t) = 1.

It follows that fxg = gfx. Hence f and g commute at their
coincidence point.

Similarly, if pair (£, g) is V-R weakly commuting of type
Vf, we have

V (fgx, gfx,..., fgx.t) =V (fgx, gfx, ..., ffx,t)

) (51)
> V<fx,gx,...,fx,§) =1,

and thus fgx = gfx;thenthe pair (f, g) is weakly compatible.

The converse of the lemma need not be true. O

Example 30. X = [0,1] and A(x,,x,,...
[x, — x5].

Define f,g: X — X by f(x) = 4x — 1 and g(x) = 3x%,
x € X; we see that x = 1/3 is the only coincidence point
and f(g(1/3)) = 1/3 and g(f(1/3)) = g(1/3), so f and g are
weakly compatible.

But by easy calculation, for x = 1, one can have

A(fgx, gfx,..., ffx) =36 (52)

,X,) = % — x| +

and

A(fx, gx,..., fx) =0, (53)
ie,

V (fgx, gfx,..., ffx,t) =36 £0

= (fx, gx,..., fx,t).
Therefore, f and g are not V-weakly commuting of type V.

(54)
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Definition 31 ([4]). A pair of self-mappings ( f, g) on X is said
to satisfy the property E.A. if there exists a sequence {x,,} such
that

nhlnoofxn = nhlnngn =z forall zeX. (55)

Definition 32 ([25]). A pair of self-mappings (f, g) on X is
said to satisfy the CLRg property if there exists a sequence
{x,} such that

Aim fx, = lim gx, =gz forallzeX.  (56)
Now, we are ready to prove our results for symmetric V-fuzzy
metric spaces.

Theorem 33. Let (X,V, ) be a symmetric VF-space and
mappings f, g : X — X satisfying the following conditions:

() f and g are V-weakly commuting of type V s;
(ii) f(X) < g(X);
(iii) g(X) is a V-complete subspace of X;

(iv) these exists ¢ € @ such that for all x; € X and i =
L,2,...,n,t>0

V (fxys fxp f3 0 [ $ (D))
>V (gx1, gx1s- s fx1, 1)
x V (gxy, gXps - os fX50t) (57)
%V (gxs3, gxgs .o s fX3t) % ...
% V(g% g% fXot) .

Then f and g have common fixed point.

Proof. Let z, € X such that fz, = gz, and z, € X, where
fz, = gz,, and then by induction we can define a sequence
{y,} € X as follows

yn =fzn =gzn+1’ ne€N. (58)

We will prove that {y,} is a Cauchy sequence in X.

V (Yo Vo> Yo Ve (1))
=V (fzp f2p > 210 (1))
>V (92 9Zps > fZt)
x V(G20 G2ps s f2ot) 5 -
(59)
* V(92415 9Znsts -+ > fZns1t)
>V (gz,,,gzn, o2 9Z0i1s t)
# V(92 92> - GZpp1st) * -+

% V(920112 9Zni1>- - > GZnsnt)

7
which gives
V(yn’yn""’ynﬂ’(p(t))
2V(yn—l’yn—1""’yn’t)*"' (60)
*V (yn’yn’ coo Yarld t) .

By Lemma 24, the sequence {y,} is a V-Cauchy sequence.
Since y, = gz,,1> {92,.1} is a V-Cauchy sequence in g(x).

By hypothesis (iii), we know that g(X) is V-complete;
then there exists u € g(X) such that

nhlrlmgzn =u= nli_r)noo fz,,. (61)

Now u € g(x), so there exists p € X such that u = gp.
Therefore

Jim gz, = gp = lim fz,. (62)

n—:o9

We will prove that fp = gp:

V(fp fp- o5 f20 ® (1)
=2V (gp.gp.---» fp.t) * V(gp, gps-- -, fp: 1)

(63)
« V(gp, gps-..» fpst) * ...
* V(920 92+ +> f2mr 1)
taking limit as n — oo,
vV (fp: fpr-- g9 (1))
>V (gp, gps---> 1) * V(gps gps .. fpo1)  (64)
«V(gp, gp-..»gp:t)

which implies,

V(P fproe s gp(0) 2V (gp gps-o fpot) . (65)
Since V-fuzzy metric space is symmetric, we have
V- (fp fpo-- 909 (6) 2V (9p. P, fot) )
=V (e S gpt)

which implies fp = gp (by Lemma 21).
Since pair (f, g) is V-weakly commuting of type V/, then

Vv (fap: fp. fap.-... f1p. (1))
>V (fp.gp. fpgps-- > fpot) = 1,

(67)

which implies
ffp = fap = gfp = ggp- (68)

Hence fu= fgp = fgp = gu.



Eventually, we show that u = gp is common fixed point
of f and g. Suppose fu # u; then

V (fu fp, fps- -5 [0, (1)
>V (gu, gu,..., fu,t) =« V(gp, gps..., fp,t)
x...xV(gp,gps.... fp:t) (69)
>V (fu, fu,..., fu,t) « V.(fp, fp,..., fp:t)
x ... x V(fp, fps.. s fDo1).

V(fu,u,...u,dp(t)) =1 x1x...x1=1,

which is the contradiction. Hence, fu = gu = u.

To prove the uniqueness, suppose u and v are such that
u# v, fv=gv = vand fu = gu = u; then again using
condition (iv), we have

V(v,...,v, ¢ () =V (fu, fv,..., fr,d (@)
> V(gu,gu,..., fu,t))
*V(gv,gv,..., fvt) =... (70)

«V(gv,gv,..., fwt)
=1lx1=%x...x1=1

Hence, V(u,v,v,...,v,¢(t)) > 1, which gives a contradiction.
Hence u = v. Therefore u is a unique common fixed point of
fandg. O

Example 34. Let X = [0,1] be a standard V-fuzzy metric
space.

Let ¢(¢) = t/2 and define f,g : X — X by f(x) = x/6,
gx) = (x/2)(x+ 1), x € X.

We see that x = 0 is the only coincidence point and f and
g are weakly compatible.

Let x,, = 1/n be a sequence such that

V(fp oo fxmd ) 2V (fps fpr. .o gpt), (7))
where p is a coincidence point.

Then the pair (f, g) is V-weakly commuting of type V.
Further f and g have a unique common fixed point of f and

g

Corollary35. Theorem 33 remains true if we replace V-weakly
commuting and V — R-weakly commuting of type V, by V-
weakly commuting and V' — R-weakly commuting of type V,
(considering the other conditions are the same).

Theorem 36. Let (X,V, ) be a symmetric V-fuzzy metric
space and suppose mappings f,g : X — X are V-weakly
commuting of type V; satisfying the following conditions:

(i) f and g satisfy the E.A property;
(ii) g(X) is a closed subspace of X;

Advances in Fuzzy Systems

(iii) there exists a ¢ € @ such that for all x; € X, i =
1,2,...,nandt >0,

V(fx0 X0 fx 6 (1))
>V (gxy, gxys-- s fx, 1)
2V (9xp gXpse s [Xo, 1) % ...
% V(g% 9% X t) .

Then f and g have a unique common fixed point.

(72)

Proof. Since, the mappings f and g satisfy the E.A. property,
then there exists a sequence {z,} in X satisfying
hlrlwgzn =u= nli_r)noofzn for some u € X.  (73)

n

Since g(X) is closed subspace of X and lim
there exists p € X such that gp = u.

Also, lim,_, gz, = gp = lim,__,, fz,.
We will prove, fp = gp:

V(fp [ > [z $ (1))
>V (gp. gp,...» fp-t) = V(gp. gps.... fp,t)  (74)

# ... % V(92 G2 - fZpr 1),
and, taking limit as n — 00, we have

V(e fp-- 909 )
>V (gpgps--s fpot) % -

0 9%, = U, then

(75)
*V(gp gps-- - gp )V (P fp > 9P, 6 (1)
>V (gpgps---» fp:t).-
Since V-fuzzy metric space is symmetric, we have
V(fp: fpr- - g0 () 2V (fp. fps. . gpt) . (76)

which implies fp = gp = u (by Lemma 21).
Since pair (f, g) is V-weakly commuting of type V/, then

V (fap, gfp---» ffp, 6 (1)

>V (fp.gps fp.--» foot) = 1,

which implies ffp = fgp = gfp = ggp.

Hence fu = fgp = gfp = gu.

Finally, we show that u = gp is a common fixed point of
fand g. Suppose fu # u, then

V(fu fps-- o S ¢ (1)
>V (gu, gu,..., fu,t) =V (gp,gp,..., fp,t)
x...xV(gp,gp,-... fp:t)
>V (fu, fu,..., fu,t) * V(fp, fp,..., fp,t)  (78)

# ..« V(fp, [ fD> -5 [P 1)
=1%1x1=%...%1=1.

(77)

Thus,V (fu,u,u...u, ¢ (£)) > 1

which is a contradiction. Hence fu = gu = u.
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To prove the uniqueness, suppose that u and v are such
that u # v, fu = gu = u, and fv = gv = v; then again using
condition (iii), we have

V(uv,..o,v, ¢ (t) =V (fu, fv,..., fv.d(t))
>V (gu, gu,..., fut)
«V(gngv.... fnt)... (79
o fwt)

=1*x1=*1=*...%x1=1.

x*V (gv, gv,..

Hence V(u,v,...,v,¢(t)) > 1, which gives a contradiction.
Hence u = v. Therefore ‘u’ is a unique common fixed point of
fandg. O

Theorem 37. Let (X,V, ) be a symmetric V-fuzzy metric
space and suppose mappings f,g : X — X are V-weakly
commuting of type V; satisfying the following conditions:

(i) f and g satisfy the CLRg property;

(ii) g(X) is a closed subspace of X;

(iii) there exists a ¢ € O such that for all x; € X, i =
1,2,...,nandt >0,

V (fxps fxp o fxn § ()
>V (gx1, gx15-. 5 fx, 1)

2V (gxp gXgs oo os [X5, 1) # ...

(80)

%V (gXp 9%y X t) .
Then f and g have a unique common fixed point.

Proof. Proof follows on the same lines of Theorem 33 and by
definition of CLRg property. O
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