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In this paper, we introduce the concept of kernel fuzzy ideals and *-fuzzy filters of a pseudocomplemented semilattice and
investigate some of their properties. We observe that every fuzzy ideal cannot be a kernel of a *-fuzzy congruence and we give
necessary and sufficient conditions for a fuzzy ideal to be a kernel of a *-fuzzy congruence. On the other hand, we show that every
fuzzy filter is the cokernel of a *-fuzzy congruence. Finally, we prove that the class of *-fuzzy filters forms a complete lattice that is
isomorphic to the lattice of kernel fuzzy ideals.

1. Introduction ideals can be made a complete distributive lattice. Moreover,

we study the image and preimage of kernel fuzzy ideals under
The theory of pseudocomplementation was introduced and -epimorphism mapping. In Section 4 we turn our attention
extensively studied in semilattices and particularly in dis- ¢, fuzzy filters. Here we show that every fuzzy filter is the
tributive lattices by O. Frink [1] and G. Birkhoff [2]. Later,  cokernel of a *-fuzzy congruence and investigate a certain
pseudocomplement in Stone algebra has been studied by sev- type of fuzzy filter called a =-fuzzy filter. We prove that these

eral authors like R. Balbes [3], G. Grdtzer [4], etc. In 1973, W fijters form a complete lattice that is isomorphic to the lattice
H. Cornish [5] studied congruence on pseudocomplemented  f kernel fuzzy ideals.

distributive lattices and identified those ideals and filters that

are congruence kernels and cokernels, respectively. Later, T.

S. Blyth [6] studied ideals and filters of pseudocomplemented 2. Preliminaries
semilattices.

On the other hand, the concept of fuzzy sets was firstly . e
introduced by Zadeh [7]. Rosenfeld has developed the con- lattices, meet semilattices, and fuzzy theory.
cept of fuzzy subgroups [8]. Since then, several authors
have developed interesting results on fuzzy theory; see [8-
19].

In this paper, we introduce the concept of kernel fuzzy
ideals and *-fuzzy filters of a pseudocomplemented semilat-
tice. We studied a #-fuzzy congruence on a pseudocomple-
mented semilattice. We observe that every fuzzy ideal cannot
be a lfernel ofe.l .*-fuzzy congruence. We give necessary and (B) xA(yAz) = (xAy)Azand xV (yVz) = (xV y)Vz,
sufficient conditions for a fuzzy ideal to be a kernel of a -
fuzzy congruence. We also show that the class of kernel fuzzy (4) xA(xVy)=xandxV (xAy)=y.

In this section, we recall some definitions and basic results on

Definition I (see [2]). Analgebra (L, A, V) issaid to be a lattice
if it satisfies the following conditions:

I xAx=xandxVx=x,

2Q)xANy=yAxandxVy=yVx,
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Definition 2 (see [2]). Alattice (L, A, V) is a distributive lattice
if and only if it satisfies the following identity:

xA(yvz)=(xAy)V(xAz). (1)

A lattice L is said to be bounded if there exist 0 and 1in L
suchthat 0Ax=0and 1V x=1forall x € L.

If L and M are lattices, then f : L — M is said to be a
lattice morphism if for all x, y € L.

@ fxny)=fAf(y)
) fixvy)=f)Vfy).

If f is onto, then f is an epimorphism.

Definition 3 (see [20]). An algebra (L,A,V, *,0, 1) is a pseu-
docomplemented lattice if the following conditions hold:

(1) (L,A,V,0,1) is a bounded lattice,
(2)forallx,y e LLxAy=0&c xAy" =x.

If (L,A,V,0,1) is a bounded distributive lattice, then
(L, AV, %,0,1) is a pseudocomplemented distributive lattice.

The lattice (L,A,V,0,1) is said to be a complemented
lattice if satisfies the following conditions for all x € L there
exists x' € Lsuchthat x Ax’ =0and x vx' = 1.

Definition 4 (see [3]). A pseudocomplemented distributive
lattice L is called a Stone algebra if, for all x € L, it satisfies
the property:

x*vxt=1. (2)
Definition 5 (see [1]). An algebra (S, A, *,0) is a pseudocom-
plemented semilattice if for all x,y,z € S the following
conditions are satisfied:

1) xAx=x,

2)xNy=yAx,

B)xAN(yAz)=(xNy)Az,

4 xAy=0=xAy" =x.

It is well known that S is a partially ordered set relative
to the order relation defined by x < y & x Ay = x and
that relative to this order relation x A y is the greatest lower

bound of x and y. Hence the condition of Definition 5(4) is
equivalent to

XxAy=0e=x<y". (3)

A nonempty subset I of a semilattice S is called an ideal
of Sif,yel,xeS= yAxel.

A nonempty subset F of a semilattice S is called a filter of
Sif it satisfies the following:

() x,ye F= xAycF,
(2) ye FFxeS,y<x=x¢€F.

Theorem 6 (see [1]). For any two elements x, y of a pseudo-
complemented semilattice S, we have the following:
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1) 0™ =0,

Q) xA(xAY) " =xAY",
B)xAx" =0,

(4) x<y= y" <x,
(5) x < x*%,

6) x*** = x",

(7) X = ™

8) (x Ay)™ =x"" Ay*",
(9) (xA )" =(x"" Ay™)".

An element x of a pseudocomplemented semilattice is
called closed if x = x**

Definition 7 (see [7]). Let X be any nonempty set. A mapping
p: X — [0,1] is called a fuzzy subset of X.

The unit interval [0, 1] together the operations min and
max form a complete distributive lattice. We often write A
for minimum or infimum and V for maximum or supremum.
That is, for all «, § € [0,1] we have « A § = min{«, B} and
aV f = max{a, }.

Definition 8 (see [8]). Let p and 0 be fuzzy subsets of a set A.
Define the fuzzy subsets ¢ U 6 and p N 0 of A as follows: for
each x € A,

(HU) (%) =p(x)vo(x),
(uN6) (x) = p(x) O (x).

(4)

Then ¢ U6 and y N O are called the union and intersection of
p and 0, respectively.

For any collection, {y; : j € J} of fuzzy subsets of
X, where ] is a nonempty index set, the least upper bound
Ujes #j» and the greatest lower bound [; ¢; of the y;’s are
given by for each x € X,

(Uu,»)(x) =y (),

€] i€l
)
(ﬂuj> @) = \y; %),
jel j€l
respectively.
For each t € [0, 1] the set
p={xeA:u(x) >t} (6)

is called the level subset of p at ¢ [7].
The characteristics function of any set A is defined as

if xe A

1:
= 7
Xa (%) {0) ifxe A (7)
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Definition 9 (see [8]). Let f be a function from X into Y; p be
a fuzzy subset of X; and 0 be a fuzzy subset of Y. The image of
punder f, denoted by f(u), is a fuzzy subset of Y such that

fw ()

suj x):x -1 ,if 7
{P{#() et i) % ©

0, otherwise,
where y €Y.

The preimage of 6 under f, symbolized by f~'(6), is a fuzzy
subset of X and

O (x)=0(f(x)

Definition 10 (see [18]). A fuzzy subset y of a bounded lattice
L is called a fuzzy ideal of L if for all x, y € L the following
conditions are satisfied:

(1) u(0) =1,

(2) p(x Vv y) = p(x) A u(y),

(3) wlx N y) = pu(x) vV u(y).

forall x € X. 9)

Definition 11 (see [18]). A fuzzy subset y of a bounded lattice
L is called a fuzzy filter of L if for all x, y € L the following
conditions are satisfied:

O w1 =1,
(2) p(x v y) = p(x) v u(y),
(3) pu(x A y) = pu(x) A p(y).

Theorem 12 (see [21]). Let L be a lattice, x € L, and « € [0, 1].
Define a fuzzy subset «, of L as

1, ify<x
o ifyftx

(10)

is a fuzzy ideal of L.

Remark 13 (see [21]). «, is called the «a-level principal fuzzy
ideal corresponding to x.
Similarly, a fuzzy subset o™ of L defined as

() 1, ifx<y (1
o (y) = 11
Y o ifxty

is the a-level principal fuzzy filter corresponding to x.

Definition 14 (see [18]). A fuzzy subset 6 of L x L is said to be
a fuzzy congruence on L if and only if, for any x, y,z € L, the
following hold:

M O(x,x) =1,

(2) 0(x, y) = 0(y, x),

(3) O(x, y) NO(y,2) < 0(x, 2),

(4) 0(x,y) <0(xVz,yVz)NO(Xx Nz, ¥ AZz).

3. Kernel Fuzzy Ideals and *-Fuzzy Ideals

In this section, we introduce the concept of kernel fuzzy ideals
and =-fuzzy ideals of a pseudocomplemented semilattice. We
give necessary and sufficient conditions for fuzzy ideals to be
a kernel of a #-fuzzy congruence.

Throughout the rest of this paper, S stands for a pseu-
docomplemented semilattice (S, A, #,0,1) and a partially
ordered set unless it is specified.

Now we define a fuzzy ideal of a semilattice.

Definition 15. A fuzzy subset p of S is called a fuzzy ideal of S
if for all x, y € S the following conditions are satisfied:

(1) u(0) =1,
(2) plx A y) = u(x) vV u(y).

Theorem 16. A fuzzy subset y of S is a fuzzy ideal if and only if
each level subset of y is an ideal of S. (In particular, a nonempty
subset I of S is an ideal of S if and only if x; is a fuzzy ideal.)

Proof. Suppose pisafuzzyideal of S.Letx € y,and y € S;t €
[0,1]. Then O € y, and p(x)Vu(y) > t. Since y is a fuzzy ideal,
we get that yu(x A y) > t. Thus x A y € y,. So y, is an ideal of
S.

Conversely, suppose that every level subset of y is a fuzzy
ideal of S. Then p, is a fuzzy ideal of S. Thus ¢(0) = 1. Now
we proceed to show that u(x A y) > u(x) vV u(y);letx, y € S
such that p(x) = o and pu(y) = . Then either « < for f < a.
Without loss of generality, o < 8. Since pig is an ideal of S and
y € g, then x Ay € pg. Thus u(x A y) 2 ;/t(x) V u(y). So yls
a fuzzy ideal of S.

Definition 17. A fuzzy subset 0 of S x S is said to be a fuzzy
congruence on S if and only if, for any x, y,z,w € §, the
following hold:

@) 0(x,x) =1,

(2) 0(x, y) = 6(y, x),

(3) O(x, y) NO(y,z) < O(x, 2),

(4) 0(x, y) NO(z,w) <O(x Az, y ANw).

Definition 18. A fuzzy congruence relation 0 on S is called a
#-fuzzy congruence if (x, y) < 0(x", y*) forall x, y € S.

It is clear that a fuzzy congruence 0 is a *-fuzzy congru-
ence on S if and only if each level subset 0, = {(x, y) € Sx S :
0(x,y) >t, t € [0,1]} of 0 is a *-congruence on S. Also, let
A be a congruence on S. Then A is a *-congruence on S if and
only if its characteristic function y, is a *-fuzzy congruence
onS.

Theorem 19. A fuzzy congruence 0 on S is a *-fuzzy congru-
ence if and only if

0(x",1)>0(x,0). (12)

Proof. 1f0is a *-fuzzy congruence on S, then by Definition 18
0(x*,1) > 6(x,0). Suppose conversely that the condition
holds. Let x,y € S. Since 0 is a fuzzy congruence on S,



0(x, y) < 0(x* Ax,x" Ay) =0(0,x" A y). By the assumption,
we have 0(0,x" A y) < O(1,(x" A »)"). Thus O(x,y) <
O(L(x" A p)*) < B(x",x" A(x" A p)T) = 0(x",x" A
¥"). Similarly, 6(x, y) < 6(x" A y*,y"). Since 0 is a fuzzy
congruence, then 0(x*, y*) > 0(x*, x* Ay*)AO(x" A y™, y™).
Thus 6(x*, y*) > 0(x, y). So 0 is a *-fuzzy congruence on
S. [l

If 0 is a fuzzy congruence on S and x € S, then the fuzzy
subset 0, of S defined by

0, (y)=0(x,y)

is called a fuzzy congruence class of S determined by 6 and x.
We thus have the following theorem.

forall yeS (13)

Theorem 20. If 0 is a fuzzy congruence on S, then the fuzzy
congruence class 0, of S determined by 0 and 0 is a fuzzy ideal

of S.

Proof. Suppose 0 is a fuzzy congruence on S. Then 6(0, 0) = 1.
Thus 6,(0) = 1. Again for any x, ¥y € S, 0,(x) = 0(x,0) A
0(y, y). Since 0 is a fuzzy congruence on S, we have 9(x) <
O0(x A y,0) = By(x A p). Similarly, 6,(y) < Gy(x A p).
Thus 0y(x A y) = 0y(x) V 0,(y). So O, is a fuzzy ideal of
S. O

Now we define a kernel fuzzy ideal of a semilattice.

Definition 21. A fuzzyideal p of S is called a kernel fuzzy ideal
if u = 6,, where 0 is a *-fuzzy congruence on S.

Example 22. Consider the semilattice S whose Hasse diagram
is given in Figure 1.

Then S is pseudocomplemented; we have 0* = 1,a" =
bp* = q° = b" = a,d’ = 0fori > 0. The fuzzy
ideal y of S defined as u(0) = 1L,u(a) = u(p) = ulq) =
u) = 0.5, and u(x) = 0 for x # 0,a,b, p,q is not the
kernel fuzzy ideal of a *-fuzzy congruence. For, suppose that
0 were a *-fuzzy congruence with kernel y; then 6,(1) >
0(1,a) A 6(a, 0). Since 08(0,b) < 6(0*,b") = 6(1,a), we have
0,(1) = 0(0,b) A 0(a,0) = u(b) A ua) = 0.5. This is a
contradiction.

In Example 22 we observe that every fuzzy ideal of a
pseudocomplemented semilattice S is not a kernel fuzzy
ideal. In the following theorem we give the necessary and
sufficient conditions for a fuzzy ideal of a pseudocomple-
mented semilattice to be a kernel of a *-fuzzy congru-
ence.

Theorem 23. A fuzzy ideal y of S is a kernel fuzzy ideal if and
only if u((x* A y*)*) > u(x) A u(y) forall x, y € S.

Proof. Let p be a kernel fuzzy ideal of a *-fuzzy congruence 0
on S. Then p = 6. Suppose x, y € S. Then by the assumption
0(x",1) = 6(x,0) = p(x) and O(y*, 1) > p(y). Thus u(x) A
p(y) < 0(x*,1) AOB(y", 1). Since 6 is a fuzzy congruence on
S, we have

O(x",1)A0(y",1)<0(x" Ay, 1)
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(14)

Thus pu((x™ A y™)*) = u(x) A u(y).
Conversely, suppose that the condition holds. Consider
the fuzzy relation 6, defined on S by

6, (x,y)=sup{u(z): xAz" =ynz", zeS}. (15

Clearly, 6, is both reflexive and symmetric. It is also transitive;
ifx, y € S, then

0, (%, y) A0, (y,2) =sup {p(w) : x Aw" = y Aw'}
Asup{u(m): yAu' =z Au"} =sup {u(w) (16)

Apu):xAw" =yAw", yAu" =zAu"}

fxAw' =yAw', yAu" =zAu", then x A (w" Au™)™™ =
z A (w" Au™)™". By the assumption, we have

0, (x, ) AO, (y.2) < sup {u ((w" Au™)") 1 x
Aw Au') =zA (W' AuT)TY 17)
<sup{u(k) : x ANk" =zAk*, ke L} =0,(x,z)

So that 6, is a fuzzy equivalence relation on S. By the
similar procedure it can be easily verified that 6, is a fuzzy
congruence on S.

To show 6, is a #-fuzzy congruence on S, let x € S.
Then Gy(x*,l) = supfu(z) : x* Az" = 2"}. Since S is a
pseudocomplemented semilattice, x* Az" = 2" & xAz" =
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0 = xAz"" = x.Thus Gﬂ(x*, 1) = sup{u(z) : x < z""}. So
that

6, (x,0) = sup {u(2) : x A 2" = 0}
(18)
=supfu(z):x<z"} <0, (x"1).

It follows by Theorem 19 that 6, is a *-fuzzy congruence on
S.

Now taking x = y in the condition we obtain u(x) =
u(x""). Now we proceed to show that the kernel of 6, is .
For any x € §,

0,) (x)=s (2):xNz" =0
(8i), (0 = sup {u } )

=supfu(z):x<z""} > pu(x)

Let y € S satisfying x < y**. Then p(x) > u(y). This implies
that p(x) is an upper bound of {u(z) : x < z**}. This shows
that pu(x) > (9#)0(96). Thus p = (9[4)0‘ So p is a kernel of 0#.

U

Corollary 24. u is a kernel fuzzy ideal if and only if

1) p(x) = u(x™),
(2) p(k) = supfu(x) Ap(y) : x* Ay" =k*}.

Proof. Let y be akernel fuzzy ideal of S. Then u((x* A y*)*) >
u(x) Au(y) forall x, y € S.

(1) Since x < x** and y is a fuzzy ideal, we get u(x) =
plx A x™) > u(x™™). Again if x = y, then p(x) < p(x™").
Thus p(x™") = pu(x) for all x € S.

(2) Let x, y,k € S such that x* A y* = k*. Then (x* A
¥*)" = k™. By (1) and by the assumption, we have p(k) >
p(x) A p(y). This implies p(k) > sup{u(x) Ap(y) : x* A y* =
k*, x,y,k € S}. On the other hand, since k* = k™ A k™ and
p(k) < p(k), we have u(k) < sup{fu(x) A u(y) : x* A y* =
k*, x,y,k € S} Thus p(k) = sup{u(x) A u(y) : x* A y* =
k*, x,y,k € S}

Conversely, if (1) and (2) hold, for any x, y € S there exists
k € S such that x™ A y* = k™, then u(k) > p(x) A pu(y). Thus
by (1), we get that u((x* A y*)*) = u(k™™) > u(x) A u(y). So
 is a kernel fuzzy ideal of S. O

The set S(S) = {x** : x € S} is called the skeleton of S.
The elements of S(S) are called skeletal.

Corollary 25. Let o € [0, 1]. e, is a kernel fuzzy ideal if and
only if x is a skeletal element of S.

Proof. Let e, be a kernel fuzzy ideal. Then by Corollary 24(1)
o, (x*") = a, (x), which implies x** < x. Since x < x™* for
all x € S, we get that x = x™*. Thus x is a skeletal element.
Conversely, Suppose that x is a skeletal element of S. To
show a, is a kernel fuzzy ideal, let y,z € Ssuch that y < x
and z < x. Then x* < y* Az" and a,(¥) A a,(z) = 1. Thus
(y"Az")" <x™ =x.Soa, ((y" Az")") = 1. This shows that
a (¥ AZ")) 2 o, (y) Nay(2). If y £ xand z £ x, then
trivially holds. Hence e, is a kernel fuzzy ideal. O

Corollary 26. The following conditions on S are equivalent:

(1) Every fuzzy ideal of S is a kernel fuzzy ideal.
(2) Every level principal fuzzy ideal is a kernel fuzzy ideal.
(3) S is a Boolean algebra.

Theorem 27. A fuzzy subset p of S is a kernel fuzzy ideal if and
only if each level subset of u is kernel ideal of S.

Proof. Let p be a kernel fuzzy ideal of S. Then by Theorem 16
Y, is an ideal of S, Vt € [0, 1]. To show y, is a kernel ideal, let
X,y € y,. Then by the assumption, pu((x™ A y*)*) > p(x) A
p(y) > t. Thus (x* A y™)* € y,.

Conversely, suppose that every level subset of ¢4 is a kernel
ideal of S. Then by Theorem 16 p is a fuzzy ideal of S. To show
p is a kernel fuzzy ideal, let x, y € S such that u(x) = «
and p(y) = P. Then either « < S or B < «. Without loss
of generality, « < f8. Then pg C p, and by the assumption,
(x* A y™)" € pgy. This shows that u((x* A y*)*) > a=aAp.
Thus pu((x* A ¥*)*) > pu(x) Au(y). So u is a kernel fuzzy ideal
of S. O

Corollary 28. A nonempty subset I of S is a kernel ideal of S
if and only if x; is a kernel fuzzy ideal.

Definition 29. A fuzzy ideal p of S is called a *-fuzzy ideal if
p(x) = p(x™*) forall x € S.

Corollary 30. Every kernel fuzzy ideal is a *-fuzzy ideal.

Corollary 31. If L is a pseudocomplemented distributive lat-
tice, then a fuzzy ideal y of L is a kernel fuzzy ideal if and only
ifit is a «-fuzzy ideal.

Proof. Suppose u is a kernel fuzzy ideal of L. Then by
Corollary 24(1) p is a *-fuzzy ideal of L.

Conversely, suppose p is a #*-fuzzy ideal. Since L is a
pseudocomplemented distributive lattice, for any x, y € L we
have (x V )" = x* A y™. Now p((x™ A y*)*) = pu((x Vv y)*").
Since p is a *-fuzzy ideal, we get p((x™ A ™)) = u(x v y) >
u(x) A u(y). Thus p is a kernel fuzzy ideal of L. O

Theorem 32. A *-fuzzy ideal y is a kernel fuzzy ideal if and
only if p(supggy{x™*, y**}) = u(x) A u(y) for all x, y € S.

Proof. Let x,y € S. Define supgs {x™", "} = (x" A y*)".
Since z*** = z" forall z € S, we have (x" A y™)* = (x" A
y* )" Thus (x* Ay™)" € S(S). Since p is a kernel fuzzy ideal,
p(supg {x™™, y* 1) = p((x™ A y™)") = u(x) A p(y). O

Theorem 33. A fuzzy subset y of S is a *-fuzzy ideal if and
only if each level subset of p is a *-ideal of S.

Proof. Let p be a #-fuzzy ideal of S. Then u(x) = u(x*") for
each x € Sand by Theorem 16 , is an ideal of S, ¢ € [0, 1]. To
show g, is a x-ideal, let x € y,. Then p(x™™) = u(x) > t and
x"" € y,. Thus each level subset of y is a #-fuzzy ideal.
Conversely, suppose every level fuzzy subset of y is a -
ideal of S. Then by Theorem 16 y is a fuzzy ideal of S. Since

x < x"" and p is a fuzzy ideal, we have p(x™") < u(x). Let



p(x) = t. Then x** € p,. Thus p(x™™) > u(x). So wis a *-
fuzzy ideal of S. O

Corollary 34. A nonempty subset I of S is a %-ideal of S if and
only if x; is a *-ideal.

Theorem 35. Let y be a kernel fuzzy ideal of S. Then the
smallest *-fuzzy congruence on S with kernel u is given by

0, (x,y) =sup{u(z) :xAnz" =ynz", zeSf.  (20)

Proof. It is shown in the proof of Theorem 23 that 6, is a *-
fuzzy congruence with kernel y. Now we proceed to show that
0, is the smallest *-fuzzy congruence with kernel p.

Let# be a *-fuzzy congruence with kernel y. For x, y € S,

0,(x,y) =sup{u(z): xAz" =ynz', zeSt. (21

Since # is a *-fuzzy congruence, we have #(x A z%,x) >
n(x,x) An(z*,1) = n(z*,1) = n(z,0) = u(z). Similarly,
nynz',y) > u(z).lfx Az" = y A 2", then

n(xy)zn(xAz")An(xnz,y)
(22)

=n(uxnz")An(y Az, y) 2 u(2)

This shows that #(x, y) is an upper bound of {u(z) : x Az* =
y Az, z € 8. Thus 0, < 1. So 0, is the smallest -fuzzy
congruence with kernel p. O

Lemma 36. If y and 0 are x-fuzzy ideals of S, then so is p U 0.

Proof. Suppose p and 0 are #-fuzzy ideals of S. Clearly (u U
0)(0) = 1. Letx, y € S. Then (uU0)(xAy) = u(xAy)VO(xAy).
Since p and 6 are fuzzy ideals, we have (LUO)(x A y) > (u(x)V
0(x)) vV (u(y)vO(y)) = (uU0)(x)V (uUO)(y). Thus pUbisa
fuzzy ideal of S. Now (¢ U 0)(x) = pu(x) V 0(x). Since y and 0
are *-fuzzy ideals, we get that (pU6)(x) = u(x**) vO(x™") =
(uuB)(x**) forall x € S. Thus pUB is a #-fuzzy ideal of S. [

The class of all *-fuzzy ideals of S is denoted by FI*(S). It
is clear that the set FI*(S) of x-fuzzy ideals of S, ordered by
fuzzy set inclusion, is a complete distributive lattice in which
the lattice operations are fuzzy set-theoretic.

The class of all kernel fuzzy ideals of S is denoted by
FKI(S). We now prove that FKI(S) is a complete distributive
lattice.

Theorem 37. If 4,0 € FKI(S), the supremum of y and 0 is
given by
(4v0) (x)
(23)
= sup{y(z)/\@(w) x< (AW, zwe S}.

Proof. Letn = pV0. First, we need to show that # is a kernel
fuzzy ideal of S. Since 0 < (0" A 0")", we have #(0) = 1. For
any x, y €S,

n(x) = sup{.u(z)/\@(w):xg (z* Aw*)", z,w
eS}Ssup{M(z)/\G(w):x/\y (24)

<(z" Aw"), z,wGS}:n(x/\y)
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This shows that #(x A y) > (x) V5(y). Thus  is a fuzzy ideal
of S.

We now show that # is a kernel fuzzy ideal. For any x, y €
S>

1) An(y) =sup {u(z) A0 (w) : x
<(zf Awp)', z,w; € S} A sup {‘u (z,)
ANO(w,):y < (2 Awy)", zz,wZGS} (25)

= sup {(u(21) A () A (0 () A6 (wy)) : x

<(a nw))sy < (5 Awy)'}

Ifx < (z) Aw))" and y < (z; Aw))", then z] Aw; < x™
and z; Aw; < y*. Thus (x* A y*)" < ((z] Az))™" A(wy A
wj)*")". Since p and 6 are kernel fuzzy ideals, we get that
w(zy) A u(z,) < u((z; Azy)") and O(w;) A B(w,) < O((w, A
w;)"). Based on this we have

() A (y) < sup{u((z nz5)")
AO((w Aw;)"): (x" A y)"
< ((z5 A 2)"" Awy Aw)) ")} < sup{u)  26)
ANOW): (x" Ay*) < (W' AV), uves]
=n((x"ny")")

Thus 7 is a kernel fuzzy ideal of S.
To show 7 is the smallest kernel fuzzy ideal of S, let A be a
kernel fuzzy ideal of S containing ¢ and 0. Then for any x € S,

1 (x) = sup {y(z)/\@(w) cx< (2" /\w*)*}
(27)
< sup {A(z)/\/\(w) cx< (2" /\w*)*}

If x < (2" Aw™)", then M(x) = A(z) A Mw). This implies A(x)
is an upper bound of {A(z) A Mw) : x < (2" Aw™)*}. Thus
n € A. Hence 7 is the smallest kernel fuzzy ideal containing u
and 0. O

Theorem 38. The set FKI(S) forms a complete distributive
lattice with respect to inclusion ordering of fuzzy sets.

Proof. Clearly (FKI(S), <) is a partially ordered set. For y, 0 €
FKI(S), clearly u A 0, uv0 € (FKI(S)). So (FKI(S),A,V) is a
lattice.

For p,0,n € FKI(S), clearly (u N 0)V(unn) € un (Ovy).
Now for any x € L,

(10 (Bvn)) (x) = sup {u () A (0 (y) A7 (2)) = x

<(y AZ)", oz e St =sup{(u(x)n6(y))
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ANMu) An@)x<(y" Az")}
= sup {( () A0 (YDA () An(z")) s x

< AZ)} <sup {(u(x Ay T)AB(xAY™))

* %

Auxnz)An(xnz™)): xS(y*/\z*)*}

= sup{(ptﬂ@)(x/\y**)/\(yﬂn)(x/\z**) DX
<(y'Az")'}
(28)

Ifx < (" Az")", then x A y* Az" = 0. Since Sis a
pseudocomplemented semilattice, we have y A 2" = y A
(y A z)" for all y,z € S. Now we proceed to show that
x<((xAY™) A(xAZT))"

A(xAy™) Alxaz™)")
(x/\y N A(xnz" *))*

/\x/\(x/\z**)*)* (29)

xA(x

x/\(x/\(x/\y
=xA(XAY AxAZ) =xA(xAy AZ")
=xN0" =x

Thus x < ((x A y*)" A (x Az"")")". Based on this fact we

have
(10 (6w)) () < sup (4N 0) (x A y™)
/\(‘uﬂrl)(x/\z**) X
S((x/\y**)*/\(x/\z**)*)*} (30)
< sup{(yﬂ@)(w)/\(uﬂn)(u):x
< (w* /\u*)* , W, U € S} < ((‘uﬁe)y(yﬂ n))(x)
Thus u N (Bvy) = (LN O)V(uN#). So FKI(S) is distributive.
Now we show the completeness. Since (FKI(S),<) is a
poset and yg is greatest element of FKI(S), it is enough to
show that every subfamily of FKI(S) has infimum. Let {y, :

« € J} be a subfamily of FKI(S). Then [),; 4, is a fuzzy ideal
of S.Forany x, y € S,

(Q}%) (x) A (Q}m) ()

inf{‘u‘x(x):oce]}/\inf{yﬁ(y):ﬁe]}
inf {p, (x) Apy (y) r € J} (31)
inf{ya ((x*/\y*)*):oce]}

(N ) @)

ae]

IN

IN

Thus (\,es 4o is @ kernel fuzzy ideal of L. So FKI(S) is a
complete distributive lattice. O

Corollary 39. If L is a pseudocomplemented lattice, then
FI*(L) forms a distributive lattice with respect to inclusion
ordering of fuzzy sets.

Proof. Clearly (FI*(L), C) is a partially ordered set. For y,0 €
FI*(L), define

une=uno,
(uv0) (x) (32)
:sup{pt(z)/\e(w) x< (2 Aw)’, Zwe L}.

Obviously pu A0, uvO € (FI*(L)). Lety = pvO and x, y € L.
Then

1) An(y) = sup {u(z,) A6 (wy) : x
< (21 Aw])", zpw; € L Asup {u(z,)
NO(w):y < (5 A3) s o € 1)
— sup {(1 (21) At (22)) A (0 ) A6 () %

< (e Aw)y < (@ Aw))'} = supfu(z v 2y)

(33)

/\G(wIsz):xs(zf/\wf)*,yg(z;/\w;)*}

Ifx < (z; Awy)" and y < (z; Aw;) ", thenxVy < (2] Awy)*V
(z; Aw; )", which implies xVy < ((z] Aw;)*V(z; Aw;) )" =
((zy ANw) A (25 Aw3))" = (2, Vzy)" A(w, Vw,)™))". Using
this fact we have

1) AN (y) < sup (21 V 2) A6 (wy Vwy) : x

vy<(@va) Alw vw))) (34)

< Sup{[,,(ul)/\e(uz):xv)/s (uf /\u;)*}
=n(xVy)

Thus 7(xV y) = (x) An(y). So FI*(L) is a distributive lattice.
O

Theorem 40. If L is a pseudocomplemented distributive lat-
tice, then the following statements are equivalent:

(1) if u, 0 are kernel fuzzy ideals of L, then so is u V 0,
(2) L is a Stone lattice.

Proof. (1) = (2): Let x € L. Then x* and x** are skeletal
elements of L. Thus by Corollary 25, «,.. and «,.. are kernel
fuzzy ideals. By the assumption, .« V e = ey, 1S @
kernel fuzzy ideal. To prove our claim, it suffices to show that
x*vx"™ = 1forall x € L. Slnce Qo= s a kernel fuzzy
ideal, then by Corollary 25, x* v x** € S(L). This implies
XV = (V)T = (6" Ax®)" = 1forall x € L. Thus
L is a Stone lattice.



(2) = (1): If L is a Stone lattice, then (x A y)* = x* Vv y*
forall x, y € L. Let y and 0 be kernel fuzzy ideals. Then Vv 0
is a fuzzy ideal of L. To show u V 0 is a kernel fuzzy ideal, it
suffices to show that (u Vv 0)(x) = (uV 6)(x*"). Since x < x*~
and p V @ is a fuzzy ideal, we have (u v 0)(x™") < (u Vv 0)(x).

Now, (¢ V 0)(x) = sup{u(y) AO(z) : x = yV z}. Since L is
a Stone lattice, x = y Vz = x** = ™" v z"*. Based on this
we have

(uVO) (x) <sup{u(y) A0 (2) : x™" =y v}

(35)
=supfuW)AO W) : x"" =wVu}
=(uvO)(x™)
Thus p Vv 0 is a *-fuzzy ideal of L. So by Corollary 31, p v 0 is
a kernel fuzzy ideal of L O

If S and M are pseudocomplemented semilattices, then
a semilattice morphism f : § — M will be called a *-
morphism if f(x*) = (f(x))" forall x € S.

Lemma 41. Let f:S — M be an epimorphism. Then
(1) If u is a fuzzy ideal of S, then f(u) is a fuzzy ideal of
M.

(2) If 0 is a fuzzy ideal of M, then f~'(0) is a fuzzy ideal
of S.

Proof. (1) If pis a fuzzyideal of S, then f(u)(0,,) = sup{u(a) :
a € f_l(OM)} > u(0g) = 1. Thus f(u)(0,,) = 1. For any

X,y €M,
f(W) ) =sup{u(z):z e £ (x)}

<suplu@vpw):ize f(x), we f(y)}

(36)

Sincez € f'(x)andw € f7'(y), wegetthatzAw € f'(xA
y). Based on this we have

(@) (x) Ssup{pt(z/\w):z/\w e f! (x/\y)}
< sup {y wy:uef' (x/\y)} (37)

=f (W) (xny)

Similarly, f(u)(y) < f(uw)(x A y). Thus f(u)(x A y) >
FW)(x) VvV f(w)(y). So f(u) is a fuzzy ideal of M.

(2) If 0is a fuzzy ideal of M, then f_l(e)(Os) =0(f(0g)) =
0(0,,) = 1. For any x,y € S, we have f_l(G)(x ANy) =
OF) A fO) = OFE) v OFD) = FO)) v
f_l(G)(y). Thus f"l(G) is a fuzzy ideal of S. O

Theorem 42. Let f: S — M be a =-epimorphism. Then

(1) If p is a kernel fuzzy ideal of S, then f(u) is a kernel
fuzzy ideal of M.

(2) If 0 is a kernel fuzzy ideal of M, then f~(0) is a kernel
fuzzy ideal of S.
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Proof. (1) Let p be a kernel fuzzy ideal of S. Then by
Lemma 41(1) f(u) is a fuzzy ideal of M. To show f(u) is a
kernel fuzzy ideal, let x, y € M. Then

Fw) @A [y

:sup{y(z):zef_l(x), zeS}
(38)
/\sup{y(w):wef_l(y), weS}

=sup{1/t(z)/\[4(w):Z‘Ef_1 (x), we f ()’)}

Ifze f'(x)andw € f'(y), then (z* Aw*)* € f((x* A
¥")"). Since p is a kernel fuzzy ideal of S, we have that u(z) A
p(w) < u((z* Aw*)™). Based on this fact we have

F@ A f ()
< sup {M((z* Aw*)") i (2 Aw*)
e f! ((x* /\y*)*)} < sup {M(“) ‘U

e G AY)), uest=fw((x"Ay))

(39)

This shows that f(p)((x" Ay™)*) > f(u)(x)A f(u)(p) for any
X,y € M. Hence f(u) is a kernel fuzzy ideal of M.

(2) Let 0 be a kernel fuzzy ideal of M. Then by
Lemma 41(2) f_l(G) is a fuzzy ideal of S. To show f_l(G) isa
kernel fuzzy ideal, let x, y € S. Then

O Ay))=0(f (" Ar)))
So((Feo AsGY)) o)
> O EAFTO) ().

Thus £~'(6) is a kernel fuzzy ideal of S. O

Theorem 43. Let f : S — M be a *-epimorphism. Then the
map g : FKI(S) — FKI(M) defined by u — f(u) is a lattice
epimorphism.

Proof. Clearly y(o, xs € FKI(S). Since Kerf = {0} and f is
onto, we get f(xjo) = X0, @0d f(xs) = xu This implies

9(Xi0) = Xio,) a0 9(Xs) = K-
Let 4,0 € FKI(S). Then y N 0 and uVv0 are kernel fuzzy

ideals of S. Thus f(u N 0) and f(uV0) are kernel fuzzy ideals
of M. Sinceyn6® € pand yunN 6 < 0, we have f(un o)
f(@) N f(u). Forany y € M,

(fW)nf©) ()
=sup{u(z):z¢ f'(y), zeS$} (41)

/\sup{@(w):wEf_l(y), wES}.
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Since f is a homomorphism and f(z) = y, f(w) = y, we get
f(z Aw) = y. Using this fact, we have

(f(W)nf©) ()
<sup {p(zAw):zAwe f7(y)}
Asup{B(zAw):zAwe £ (p)}
=sup {p(zAw)AO(zAw) i zAwe fH ()} (42)
= sup {(un6) (zAw) : zAwe 7 ()}
<sup {(un6) W :ue ()

=f(uno)(y).

So f(unf(0) = f(un6). Again clearly, f(u)Vf(0) < f(uvO).
For any x € M,

(f (W) VS ) (x) = sup {f (1) (x1) A £ (0) (x) s

< (v nx))}
(43)
— sup {sup e w)) s wy € £ (x)}

Asup {p(wy) 1wy € f7 ()} x < (3] Axy)"]
and
f(uv0) (x) = sup {(uv0) (2) : z € [ (x), z €S}
=sup fsup {u(z,) A 0(2,) 12 < (2] A23)'} iz (44)
e[}

If f(z) = xand z < (2] Az))", then x = f(z) <
(f(z))" A f(z,)")". Put f(z;) = y, and f(z,) = y,. Then
zi € f ()2, € () and x < (y7 A y;)*. Based on this
fact we have

f(uv0) (x) < sup {sup {p(z)) 1 2, € £ (1))}

/\SUP{P‘(Zz) iz e f (h)} rx < (yy /\)/2*)*} (45)

=sup {f () () A f () (32) : x < (37 Ap3)"}

=(f (W) Yf(©) )

Thus f(uv0) = f(u)Vf(0). So g is a homomorphism. To
show g is an epimorphism, let 4 € FKI(M). Then f~'(u) €
FKI(M). Since f is onto, we have f(f'(u)) = u. Thus g is
onto. So g is a lattice epimorphism. O

4. x-Fuzzy Filters

Turning our attention to fuzzy filters, we first introduce the
concept of *-fuzzy filter of a pseudocomplemented semilat-
tice. We prove that, in contrast to the situation concerning
fuzzy ideals, every fuzzy filter of a pseudocomplemented

semilattice is the cokernel of a % -fuzzy congruence. Moreover,
we have shown that there is an isomorphism between the
class of kernel fuzzy ideals and the class of *-fuzzy filters of a
pseudocomplemented semilattice.

Now we define a fuzzy filter of a semilattice.

Definition 44. A fuzzy subset p of S is called a fuzzy filter of
Sif, forall x, y € S, the following conditions are satisfied:

@ u) =1,
(2) ulx A y) = p(x) A u(y),
(3) u(x) < u(y) whenever x < y.

Theorem 45. A fuzzy subset y of S is a fuzzy filter of S if and
only if

u)=1,
(46)

u(xny)=u)Ap(y) forallx,ye€sS.
Proof. Let pbe afuzzy filter of Sand x, y € S. Since x A y < x
and x A y < y, by the assumption we get that u(x A y) <
pu(x) A p(y). Thus u(1) = 1and p(x A y) = u(x) A u(y) for all
x,y €8S.

Conversely, suppose the condition holds. Then conditions
(1) and (2) of Definition 44 are satisfied. Let x, y € S such that
x < y. Then p(x) = pu(xAy) = u(x) Au(y). Thus pu(x) < pu(y).
So p is a fuzzy filter of S. O

Theorem 46. A fuzzy subset y of S is a fuzzy filter of S if and
only if each level subset of y is a filter of S. (In particular, a
nonempty subset F of S is a filter of S if and only if xp is a fuzzy

filter of S.)

Proof. Suppose y is a fuzzy filter of S. Clearly 1 € y, for all
t € [0, 1]. To show y, is a filter of S, let x, y € p,. Then p(x) A
u(y) = t. Since p is a fuzzy filter of S, we get u(x A y) >
p(x)Au(y) > t. Thus xAy € y,. Again,ifx € y,andz € Ssuch
that x < z, then by Theorem 45 we have u(x) = p(x A z) =
p(x) A p(z). Thus pu(z) > u(x) > t. This implies z € y,. Hence
U, is a filter of S for all ¢ € [0, 1].

Suppose conversely that the condition holds. Then clearly
p(1) = 1. Let x, y € Ssuch that u(x) = « and u(y) = . Then
x € py and y € pg. Since a, B € [0, 1], eithera < Bor f < a.
Withoutloss of generality o« < f3, then g € g, Which implies
X,y € Uy Since y, is a filter, we get that x A y € u,. Thus
ulx A y) = u(x) A u(y). Finally, let x, y € S such that x < y.
If u(x) = a, then x € p, and x < y. By the assumption, we
have y € y,. Thus p(x) < u(y). So w is a fuzzy filter of S. O

Theorem 47. If 0 is a fuzzy congruence on S, then the fuzzy
congruence class 0, of S determined by 0 and 1 is a fuzzy filter

of S.

Proof. Suppose 0 be a fuzzy congruence on S. Then 6(1,1) =
1. Thus 6,(1) = 1. Let x, y € S. Then 0, (x) A0;(y) = 0(x, 1) A
(y,1). Since 0 is a fuzzy congruence, we have 0,(x) A0, (y) <
0(x A y,1) = 0,(x A y). Thus 0,(x A y) > 0,(x) AO,(y). Let
x < y. Then 0;(x) = 0(x, 1) AO(y, ¥) <O(x Ay, y) =0(x, ).
Since 0 is a fuzzy congruence, we have 0(y,1) > 0(y,x) A
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0(x,1) = 0(x, 1). Thus 0, (x) < 0,(y). So 0, is a fuzzy filter of
S. O

Definition 48. A fuzzy filter y of S is called a cokernel fuzzy
filter if y = 0,, where 0 is a *-fuzzy congruence on S.

Theorem 49. If 1 is a fuzzy filter of S, then the fuzzy relation
0, defined by

0, (x,y) =sup{n(z): xAz=yAz z€S} (47)

is a *-fuzzy congruence with cokernel fuzzy filter n; moreover,
0, is the smallest *-fuzzy congruence.

Proof. Tt is clear that 0, is a fuzzy congruence on S. Now we
proceed to show that the fuzzy cokernel of 6, is . For any
x €S,

6, (x,1) =sup {(2) : x Az =z}
(48)
=sup{n(z) :z < x} >y (x)

Let w € S satisfying w < x. Then #(x) > #(w). This implies
that 77(x) is an upper bound of {(z) : w < x}. Thus# = (0#)1.
So 7 is a fuzzy cokernel of 6,..

To show 0, is a *-fuzzy congruence on §, let x € S. Then

0, (x",1) =sup{n(2) : x" Nz = 2}

=sup{n(z) :z <x"},
(49)
6, (x,0) = sup {n (w) : x Aw = w}

=sup{n(w): w<x"} <0, (x",1).

Thus 6, is a *-fuzzy congruence on S. Finally, let A be a x-
fuzzy congruence with cokernel and x, y,z € S. Then#(z) =
ML, z) = A(1, 2) AAM(x, x) < A(x, xAz). Similarly, A(yAz, y) >
n(z). Let x Az = y Az. Since A is a fuzzy congruence, we have
that

A y) 2 A(xxA2) AL (x Az )
(50)
=AxA2)AA(YAZ Y) 2n(2).

This implies that A(x, y) is an upper bound of {#(z) : x Az =
y Az} Thus A(x, y) > O,I(x, y). So 9,7 is the smallest *-fuzzy
congruence with cokernel #. O

We now observe that the condition for fuzzy filters that
is dual to that given in Theorem 23, namely, ((x™ A y*)*) <
n(x) A n(y), is of no interest; for if this held, then we would
have (1) = n((x" A x™™)*) < n(x) A n(x*) = 5(0). Thus
n = xs. However, the condition that is dual to condition (1) of
Corollary 24 is of considerable interest.

Definition 50. A fuzzy filter p of S is called a *-fuzzy filter if
p(x) = u(x**) forall x € L.
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Theorem 51. A fuzzy subset y of S is a x-fuzzy filter if and only
if each level subset of u is a *-filter of S.

Proof. Suppose a fuzzy subset y of S is a *-fuzzy filter. Then
p(x) = p(x™™) for all x € S and by Theorem 46 every level
subset of u is a filter of S. To show y, is a =-filter, let x™* €
Uy & € [0,1]. Then by the assumption x € y,. Thus p, is a
x-filter of S.

Conversely, suppose that y, is a *-filter for all & € [0, 1].
Then x** € py, = x € y, and by Theorem 46, y is a fuzzy
filter of S. Since x < x** and e is a fuzzy filter, then p(x) <

p(x™™) for each x € S. If u(x*") = a, then by the assumption
x € y,. This shows that p(x) > p(x™*). Thus pu(x) = p(x* )
for all x € S. So p is a *-fuzzy filter of S.

Corollary 52. A nonempty subset F of S is a =-filter of S if and
only if x is a *-fuzzy filter.

The class of fuzzy filters and =-fuzzy filters of S are
denoted by FF(S) and FF"(S) respectively.

Lemma 53. Let p be a fuzzy filter of S. Define a(u)(x) =
p(x™). Then a(y) is a kernel fuzzy ideal of S.

Proof. To show a(y) is a fuzzy ideal of S, it is enough to show
that a(p)(0) = 1 and a(p)(x) > «(u)(y) whenever x < y.
Clearly a(u4)(0) = 1.If x, y € Ssuch that x < y, then y* < x™.
Since p is a fuzzy filter, we get that u(y*) < p(x™). This implies
a(u)(x) = a(p)(y). Thus a(y) is a fuzzy ideal of S. To show
a(p) is a kernel fuzzy ideal, let x, y € S. Then a(u)((x* A
YY) = ux" AYT) > px) Aply”) = alu)(x) A alp)(y).
Thus a(u) is a kernel fuzzy ideal of S. Now we can define a
mapping « : FF(S) — FKI(S) by u — a(p). g

Lemma54. Let 0 be a kernel fuzzy ideal of S. Define 5(0)(x) =
0(x"). Then B(0) is a =-fuzzy filter of S.

Proof. Clearly f(0)(1) = 1.If x, y € Sand x < y, then y”

x" and B(6)(x) < B(O)(y). We now show that [3(6)(x A y)
BO)(x)ABO)(y). Letx, y € S. Then (x/\y) = (" Ay
Now BO)(x A y) = u((x™ A y™™)") = u(x™) Au(y™) =

BO)(x) A B(O)(y). Thus B(0) is a fuzzy ideal of S. Finally, for
each x € S, B(O)(x) = 0(x™) = B(O)(x"™). Hence B(0) is a *-
fuzzy ideal of S. Now we can define a mapping 3 : FKI(S) —
FF(S) by 8 — (0). O

R \VARVAY

Theorem 55. (1) For any fuzzy filter u of S, we have yu <

Bla(p).
(2) For every u € FKI(S), we have u = a(B()).

Proof. (1) For any x € S, we have B(a(u))(x) = u(x**). Since
x < x*" for each x € Sand y is a fuzzy filter, we have p(x) <
p(x™™). Thus p(x) < Bla(u))(x) for all x € S. So u € Bla(p)).

(2) Let u be a kernel fuzzy ideal of S. Then by Corol-
lary 24(1) we have p(x) = u(x*™™) for all x € S. Thus pu =
a(B(u). O

Corollary 56. S(a(y)) =
filter.

u if and only if u is a *-fuzzy
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Lemma 57. For any fuzzy filter y of S, the map y — PB(e(u))
is a closure operator on FF(S). That is,

(@) p < Blap)),
(2) B Ble(w))) = Plax()),
(3) <6 = Bla(u) < B(x(6)).

Proof. (1) Since u is a fuzzy filter of S, by Theorem 55(1) we
have p € B(a(p)).

(2) Since y is a fuzzy filter, by Lemma 53 () is a kernel
fuzzy ideal of S. Again by Lemma 54, B(«(y)) is a *-fuzzy
filter. Thus by Corollary 56, fa(f(a(u))) = Blex(p)).

(3) For any x € S, we have B(a(u))(x) = pu(x"") and
Bla())(x) = O(x*"). Since u < 0, we get that u(x™) <
0(x""). This shows that S(a(p))(x) < B(a(0))(x) forall x € S.
Thus S(a(n)) < B(«(0)). [l

The class of all #-fuzzy filters of S is denoted by FF*(S).
We now prove that FF*(S) is a complete distributive lattice.

Theorem 58. If 4,0 € FF*(S), the supremum of y and 0 is
given by

(uv0) (x)

=sup{pu ()N (W) :x" < (zAwW)", z,w e S}.

(51)

Proof. Letn = uv60. We need to show that 7 is a s-fuzzy filter
of S. Since 1" < (1 A 1)*, we have 57(1) = 1. Forany x, y € S,

1) An(y) =sup{u(z) A6 (w) : x°
<(z,Aw)), z,w, € S} A sup {y (z,)
AN (wy) : y" < (zAw,)", 25w, €S} (52)

= sup {(u (21) At () A (0 () A6 (w,)) : x"

<(zAw) Ly < (2 /\wz)*}

Ifx" < (z; Aw))" and y* < (2, Aw,)", then (x A y)*" =
XTAY 2 (20 Aw) T A (ZyAwy) T = (2, Azy) AMwy Aw,y)) .
Thus (x A )" < ((z, A 2,) A (wy Aw,))”. Using this fact we
have

n(x) An(y) < sup{u(z, Azy)

AO (W, Aw,) : (xAy)”
. (53)
< ((z1 A zy) A (w0 Awy)) } < sup {# (u,)

A0 () : (xAy)" < (uy Awy) '} =n(xAY)

Thus n(x A y) = n(x) An(y).

On the other hand, if x < y, then y* < x" and 5(x) <
7(y). Now we proceed to show that 7 is a *-fuzzy filter of S.
For any x € S, 7(x"™") = sup{u(z) AO(w) : x* < (zAw)"} =
n(x). Thus # is a =-fuzzy filter of S.
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To show # is the smallest =-fuzzy filter containing ¢ and
0, let A be a *-fuzzy filter containing y and 6. Then for any
x €S,

n(x)=sup{pu(z) AO(w): x" < (zAw)"} 50
<sup{A(@2)AA(w):x" < (zAw)"}

Ifx" < (zAw)", then (z Aw)™™ < x™". Since A is a *-fuzzy
filter, A(z A w) < A(x). Thus A(z) A Mw) < A(x). So A(x)
is an upper bound of {A(z) A A(w) : x* < (z A w)"}. Thus
n(x) < AMx). So 7 is the smallest *-fuzzy filter containing u
and 6. O

Theorem 59. The set FF*(S) forms a complete distributive
lattice with respect to inclusion ordering of fuzzy sets.

Proof. Clearly (FF*(S), €) is a partially ordered set. For u, 6 €
FF*(S), clearly y A 0, uv0 € FF*(S). Thus (FF*(S),A,V) is a
lattice.

For u,0,1 € FF*(S), clearly (u nO)v(unn) € un (Bvy).
For any x € §,

(10 (Bv7)) (x) = sup {u (x) A (6 (y) A7 (2)) : X

<(ynz)", pze S} = sup {(y(x) AO () (55)

A AnE):x" < (yaz)'}

Ifx" < (yAz)", thenx" A(yAz)"" = 0. Now we proceed to
show that x™ < ((x* A y™)" A(x* AZ")")".
XA ((x* Ay ) A (X" /\z*)*)
= ((x* Ay ) A (x /\z*)*)
/\(((x*/\y*)*/\(x*/\z*)*)/\x*)*
as ynz" = yA(ynz)’
=((x" Ay ) A(x"nZ"))
AT AT AY) AR A (" /\z*)*)*
=((x" Ay ) A(x"n2"))
A AYTAXTAZT)

_ ((X* /\)/*)* /\(x* /\Z*)*)

*

(56)

Ax*A(ynz)™)
=((x" Ay ) A(x"AZ)T) A0

=(x" Ay A(x"AZY)
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Thus x* < ((x"Ay™)* A(x" AZ")")*. Sincex, y < (x" A y™)"
and x,z < (x* A z")", we have that,

(0 (0v) () < sup {(un6) ((x" A y*)")
Aunn) ((xAzT)"): x°
<(("ny) A az)) (57)
<sup{(un6) W) A (unn) w) : x"
<A, w,weSt<((un6) Vv (unn))(x)

Thus p N (Ovy) = (u N O)V(uN#). So FF*(S) is distributive.
Let {y, : « € J} be a subfamily of FF*(S). Then [, 4y

is a *-fuzzy filter of S. Thus FF*(S) is a complete distributive

lattice. ([

Corollary 60. If L is a pseudocomplemented lattice, then
FF*(L) forms a distributive lattice with respect to inclusion
ordering of fuzzy sets.

Theorem 61. FF*(S) = FKI(S).

Proof. Define 8 : FKI(S) — FF*(S) by B(u) = B(y) Vu €
FKI(S). Then by Lemma 54, B(p) € FF*(S). If we denote
by & FF*(S) — FKI(S) the restriction of a to
FF*(S), by Theorem 55, the compositions 8 o & and & o 8
are identity mappings. Thus 8 and & are mutually inverse
isomorphisms. O

5. Conclusion

In this work, we introduce the concept of kernel fuzzy ideals
and =-fuzzy filters of a pseudocomplemented semilattice and
investigate some of their properties. We give a necessary and
sufficient condition for a fuzzy congruence to be a *-fuzzy
congruence. Furthermore, we identified those fuzzy ideals
which can be kernel fuzzy ideals. We also proved that the class
of kernel fuzzy ideals form a complete distributive lattice.
Moreover, we prove that every fuzzy filter of a pseudocomple-
mented semilattice is the cokernel of a *-fuzzy congruence.
Finally, we have shown that there is an isomorphism between
the class of #-fuzzy filters and the class of kernel fuzzy ideals.
Our future work will focus on fuzzy semiprime ideals in
general lattices.
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